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I. INTRODUCTION
Two-dimensional (2D) crystals are atomically thin films of van der Waals materials that are stable when exfoliated from the three-dimensional crystal due to the weak nature of the interaction holding the individual layers together 2 . Examples of such materials include graphite 3 , boron nitride 4 , and transition metal dichalcogenides 5 , which have shown that properties of monolayer and bilayer crystals may strongly differ from the bulk properties of these layered compounds. Many of the transition metal dichalcogenides have been shown to possess optical properties that make them well suited for use in photodetectors and other optical or optoelectronic applications [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
Another chalcogenide currently emerging as a high potential material for use on optical applications is the layered hexagonal metal chalcogenide InSe, atomically thin films of which are possible to fabricate [16] [17] [18] [19] [20] [21] . While in its bulk form InSe [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] is a direct gap semiconductor 37 , its electronic structure undergoes significant changes upon exfoliation to few-layer or monolayer thickness, with particularly interesting optical properties observed in recent experiments 1, 38 . Density functional theory (DFT) calculations for single layer crystals of InSe 39, 40 predict a large increase in the band gap as compared to bulk crystals, with the valence band maximum slightly shifted from the Γ point. Despite being a van der Waals layered material, bulk InSe has a light effective mass for electrons in the conduction and valence band across the layers. Therefore, it is expected that the band gap 18, 39, 41 and related physical properties of few-layer InSe will exhibit a strong dependence on the number of layers.
In this work we develop a tight-binding (TB) model of atomically thin InSe, tracing the dependence of electronic and optical properties on the number of layers (N ) in the film. We use density functional theory (DFT) to parametrize the model and apply a scissor correction to compensate for the underestimation of the band gap. Indeed, we find that as compared to the majority of other layered materials with van der Waals coupling between consecutive layers, which have the out-of-plane electron mass heavier than the in-plane mass, in InSe this relation is reversed leading to a strong N -dependence of the band gap. Also, the stacking of consecutive layers in few-layer γ-InSe similar to A-B-C stacking in graphite breaks the mirror-plane symmetry of monolayer InSe, which should be expected to affect optical selection rules and SO coupling in few-layer InSe.
We use the TB model developed here to predict the band structure of few-layer InSe, and we develop a k · p model to predict the optical properties, with the matrix elements of the momentum operator obtained from the TB model. We provide estimates for the band edge optical absorption coefficient as a function of the number of layers. The paper is structured as follows.
In Section II we discuss the crystal structure of InSe. In Section III we present the model of monolayer InSe and in Section IV we expand it to bilayer InSe. In Section V we apply the model to few-layer InSe. In Section VI we present a 4-band k · p theory model, and we calculate the momentum matrix elements and the band edge optical absorption in few-layer InSe, which enables us to interpret the recent experimental results in Ref. 1 . The k · p theory in section VI also describes spin-orbit coupling terms in mono-and few-layer InSe.
II. CRYSTAL STRUCTURE AND SYMMETRY
The crystalline structure of monolayer InSe considered in this study takes the form of hexagonal III-VI chalcogenides in M 2 X 2 stoichiometry, where M is a metal atom of group III and X is a chalcogen atom of group VI. The structure is illustrated in Fig. 1a -c. A unit cell of the monolayer consists of four ions -one metal and one chalcogen in each of two sublayers.
The monolayer crystal has point-group symmetry D 3h = C 3v ⊗ σ h (see Fig. 2 ) which includes z → −z mirror symmetry (M 1 , or σ h reflection). This symmetry operation effectively swaps the sublayers. From a topdown view, the crystal exhibits a honeycomb structure in the xy plane, where A sites are occupied by metal ions and B sites by chalcogen ions, possessing rotational symmetry centered at each atomic position (R 3 , or C 3 rotation) and mirror symmetry (M 2 , or σ v reflection) in the yz plane (and equivalent planes generated by R 3 ). The Bravais lattice is given by
where l 1i and l 2i are integers, and the full crystal structure is given by
where M 1(2)i /X 1(2)i is a In/Se atom in the top (bottom) sublayer. The structure of γ-InSe is shown in Fig. 1e . The monolayers are stacked such that chalcogen atoms in the top layer are directly above the metal atoms in the layer below, while the chalcogen atoms in the bottom layer are not directly below the metal atoms in the layer above. The vector between a chalcogen atom and the metal atom directly below it is
while the vectors between a chalcogen atom and the nearest chalcogen atoms in the layer below are
where r i (i=1,2,3) are the vectors between nearestneighboring M-X pairs in the top sublayer of a monolayer. a z =8.32Å is the distance along z between the central xy plane of each layer. The structure parameters for monolayer InSe are given in the caption of Fig. 1 .
It is important to note here that, due to the stacking, the point symmetry of the material is reduced from that of the monolayer. Bulk and few-layer γ-InSe exhibit only C 3v symmetry while in the monolayer we have D 3h symmetry. The main difference between the two cases is that the M 1 symmetry of the monolayer is broken by the stacking when we have more than one layer; this has important consequences for the optical matrix element, which is discussed below. In the bulk adjacent monolayers are related by 3 1 and 3 2 screw axes along z. The space group symmetry for the bulk crystal is R3m.
B. DFT band structures of monolayer and bulk InSe and parametrization of monolayer TB model
The DFT data to which we fit and compare the TB model of InSe in this section are obtained using the LDA exchange-correlation functional as set out in Ref. 39 for In 2 X 2 materials. In these calculations the VASP code 43 is used to describe the materials in a plane-wave basis. The cutoff energy for the plane-wave basis is 600 eV and the vertical separation between repeated images of the monolayer is set to 20Å to ensure that any interactions between them would be negligible. The Brillouin zone is sampled by a 12 × 12 k-point grid.
As semilocal density functional theory underestimates the band gap, we apply the "scissor" correction δE g to the DFT energy gaps, as employed before in the studies of other semiconductors [44] [45] [46] [47] [48] [49] , as follows. A calculation with the LDA returns the band gap for bulk InSe as 0.41 eV as compared to the bulk experimental value of 1.40 eV at low temperature 32, 50 (1.25 eV at room temperature 17 ). Hence, we subtract δE 0K g ≈ 0.99 eV from the energies of all valence band states while keeping the conduction band energies unchanged for bulk, few-layer, and monolayer InSe. For optics, this scissor correction is equivalent to adding δE 0K g to the energies of all interband transitions (labeled A and B in Fig. 2 ), which we identify upon analyzing wave functions in the bands of monolayer and few-layer InSe (at room temperature, we use δE
In the following we fit the TB model to the scissor corrected DFT band structure, and call this scissor corrected tight-binding (TB-SC). We do this by applying a constrained least squares minimization procedure to the difference between the TB and the scissor corrected DFT band energies. While the procedure is in principle straightforward, in practice one must take care, in particular with the choice of bands to use for the fitting procedure. For comparison, we also perform a fit to the original DFT data to obtain a parametrization without scissor correction (TB).
On diagonalization the model yields 16 bands -8 even (symmetric) and 8 odd (antisymmetric) under z → −z. As one progresses further in energy away from the conduction band edge and valence band edge the assumption that s and p orbital contributions dominate begins to break down, with significant d orbital contributions at energies far away from the band edges. In addition, , the right hand axis the raw DFT energies. The lowest conduction band (c) and the highest three valence bands (v, v1, v2) are symmetry assigned according to their symmetry at the Γ-point, as determined by group theory. The character table for the irreducible representations of the point group D 3h = C3v ⊗ σ h , with the irreps labeled by the names of the representations of point group C3v with a + or − superscript denoting the character of the σ h reflection, is shown in the inset. The TB fit to the scissor-corrected band structure is also shown (solid lines). Vertical lines marked A and B denote the principal optical transitions; of these, transition A is forbidden by symmetry.
the DFT calculation is less accurate in the higher energy unoccupied bands. We therefore fit the model to 7 DFT bands -the 5 highest energy valence bands (3 even, 2 odd) and the 2 lowest energy conduction bands (1 even, 1 odd), using bands 3-6 of the 8 even model bands, and bands 3-5 of the odd model bands. As our primary purpose is a good quantitative fit to the valence and conduction band edges, we give extra weights to these points during the fitting procedure. The fit is carried out over a grid of 141 points in k-space covering the irreducible portion of the Brillouin zone. Table I presents the parameters obtained in the fit for InSe with scissor correction taken into account (TB-SC) and without it (TB) for sake of completeness. Fig. 2 shows the TB band structure (TB-SC) and the DFT data (DFT-SC) to which the fit was applied for InSe; the TB band structure without scissor correction (TB) is also plotted in comparison to the raw DFT data (DFT). The model gives a good reproduction of the DFT bands, both with and without scissor correction. Note that slight differences can be found between the shape of the fitted bands when comparing the fit to the raw DFT data and the scissor corrected bands, and the parameter sets differ accordingly.
Alongside the energies predicted by our model Hamiltonian, it is useful to check the orbital decomposition, found in the normalized eigenvectors, against that given by the DFT results. We define C nk (o) as the coefficient of the eigenfunction of band n, orbital o, at wave vector k. Fig. 3 shows the results of such a comparison for InSe, between the modulus square of the overlap integral between the DFT wave function and the spherical harmonics centered on each atom, normalized against the total of s and p orbitals, and the equivalent |C nk (o)| 2 as calculated in the TB model. Larger markers indicate a more dominant contribution. Table II gives the numerical contributions for the conduction band (c (z → −z odd)), the valence band (v (z → −z even)) and the next two (twice degenerate) bands just below the valence band at Γ. We obtain a reasonable qualitative agreement between the model and DFT results.
C. Spin-orbit coupling Fig. 4 shows the LDA band structure of the monolayer with spin-orbit coupling taken into account. The splitting is small, particularly so in the region of the Γ-point, we therefore neglect it in the TB model. In the k · p theory (see section VI), we include spin-orbit coupling to quantify how small it is near the Γ-point, and to show how it is expected to behave at a larger number of layers. 
IV. BILAYER INSE: INTER-LAYER HOPPING PARAMETERIZED USING DFT
We now extend the TB model to describe coupling between consecutive layers in N -layer InSe. For this, we consider a bilayer and include hops in the z-direction, XX, XM, and MX as depicted in Fig. 1d . The Hamiltonian can be written as
where H 1 and H 2 describe the individual monolayers comprising the bilayer structure, and H 1,2 describes the interaction between them and can be written as
where each term corresponds to a category of hopping interactions as labeled in Fig. 1d . The vertical M-X contribution is
The creation and annihilation operators now have additional indices for layers and sublayers, e.g. x ( †) (n)2is annihilates (creates) an electron on layer n (n = 1, 2), atom X, in sublayer 2, in orbital s. The sum over i runs over all unit cells in the crystal. We denote inter-layer hopping parameters with a lowercase t. For the other M-X inter-layer interaction we have TABLE II. The relative spherical harmonic character of the plane-wave wave function (modulus square of the overlap integral between the DFT wave function and the spherical harmonics centered on each atom) on the valence s and p orbitals of In and Se atoms in monolayer InSe at the Γ-point, in the conduction band (c), the valence band (v), and the two twice degenerate bands just below the valence band (v1 and v2), as labeled in Fig. 2 . The equivalent contribution found in the scissor corrected TB model is given in square brackets. The Γ-point symmetry classification of the bands is noted in brackets. Atoms are listed in order of increasing z coordinate. Band energies (in eV) are provided relative to the conduction band edge, where E DF T is the band energy from DFT and
is the value obtained after applying scissor correction. The energies corresponding to ωA and ωB are marked in bold. 
while X-X hoppings are included in the form
where the sums over < i, j > are over nearest-neighboring X-X pairs and next-nearest-neighboring M-X pairs in adjacent sublayers. The inter-layer interactions included add 14 parameters to the model. When expressed in matrix form in a k-space basis, the bilayer model gives a 32 × 32 matrix, which we diagonalize to obtain a set of 32 bands.
To obtain the parameters, we fit the TB band structure to the DFT band structure of bilayer InSe obtained within the local density approximation. In the DFT calculation the monolayer geometry was kept fixed and the inter-layer distance set to 8.32Å, which corresponds to the experimentally known separation in γ-InSe 17 . We search for the ideal set of inter-layer hopping parameters to achieve the best least squares fit between the two band structures while keeping the inter-layer hopping parameters obtained in the monolayer model unchanged. In the monolayer we fitted the model to DFT data for 7 bands near the Fermi level. In the bilayer these bands split into subbands forming 14 bands in total, all of which are taken into account in the fitting procedure. As in the monolayer, we fit to the scissor-corrected DFT data, since the dependence of the optical transition matrix elements on N is significantly affected by the size of the band gapthis is explored in detail in appendix C.
The results of the fitting are presented alongside the DFT data for bilayer γ-InSe in Fig. 5 , with the interlayer TB parameters given in Table IV . We highlight the 8 bands derived from the monolayer bands c, v, v 1 , and v 2 ; we label these c , c, v, v 1 , v 1 , v 2 , v , and v 2 . The zero of energy is set at the bottom of the conduction band. We provide the orbital decomposition of the Γ-point wave functions in Table III .
V. TB MODEL FOR FEW-LAYER INSE: 2D BANDS AND GAPS
Applying our TB model to few-layer InSe requires the generalization of the bilayer model as follows. As in the bilayer, we consider the interactions between the nearestneighboring X-X pairs and nearest and next-nearest M-X pairs on adjacent monolayers. This gives us a Hamiltonian of the form
H n,n+1 (22) where N is the total number of layers, H n is the monolayer Hamiltonian on layer n as set out above, and H n,n+1 takes into account inter-layer interactions between adjacent layers n and n + 1. It has the form
The vertical M-X contribution is
For the other M-X inter-layer interaction we have
where the sums over < i, j > are over nearest-neighboring X-X pairs and next-nearest-neighboring M-X pairs in adjacent sublayers. When expressed in matrix form in a k-space basis, the N -layer model gives a 16N × 16N ma- trix, which we diagonalize to obtain a set of 16N bands. The matrix elements are given in the Appendix.
For the parameterization of the model we retain the hopping parameters from the bilayer model, corresponding to the approximation that the TB parameters will be the same for all values of N . Fig. 6 shows the results of this extrapolation of the TB model to N = 3, 4, and 5.
The bottom right panel of Fig. 6 shows the vertical band gaps at Γ according to the TB model at varying number of layers. If the band structure of bulk γ−InSe is available along k z , one can extract the effective masses along the k z axis in the valence and conduction band, m * vz and m * cz respectively, and use these to apply the k z size-quantization gap model to approximate the expected gap for an N -layer structure, E g (N ). This approximation strictly speaking only works for N 1, but can be easily extended to few-layer materials using the following asymptotic formula from fitting to vertical gaps from the TB model. The parameter N 0 is present to allow the model to retain its validity at a small number of layers, in which case the traditional effective mass model would need to be used with a general boundary condition, ∂ z ψ = αψ, to take into account that the wave function is pushed to the surface of the few-layer slabs, as we see in the wave functions calculated using the TB model. The behavior described by Eq. (27) is shown by a solid line in the right-hand lower panel in Fig. 6 .
VI. 4-BAND k · p THEORY FOR N -LAYER INSE AND INTERBAND OPTICAL TRANSITIONS
In the following we present a simple k · p model for the c, v, v 1 , and v 2 bands in Fig. 2 . In monolayer InSe these bands can be assigned the irreducible representations of point group D 3h as seen in Fig. 2 . The 4-band k · p Hamiltonian can be written as 
where the diagonal components are the single band k · p Hamiltonians for the bands c, v, v 1 , and v 2 as discussed below, while the off-diagonal components correspond to the interaction between the electrons and photons required to describe optical transitions between the bands c and v, as well as between the bands c and v 1 . The oneband k·p description of the valence and conduction band is a straightforward polynomial expansion described below, while for bands v 1 and v 2 a suitable two-component Hamiltonian needs to be constructed that describes both branches in each band.
The bottom of the conduction band in 1L-InSe is quadratic in shape and can be described by the Hamiltonian
where k is the electron wave-vector measured from the Γ-point, m c is the effective mass at the conduction band minimum (listed in the caption of Fig. 7 ) and the second term in the Hamiltonian describes the spin-orbit splitting in the vicinity of the Γ-point, and s z = ±1/2. The magnitude of the coupling constant is γ c = 1.49(1) eVÅ 3 as found by fitting the energy splitting between the two spin components in the conduction band up to wave vectors less than 0.06 1/Å. The spin-orbit splitting according to the local density approximation is presented in Fig. 4 . The lack of a splitting along the Γ − M line is in agreement with the trigonal symmetry exhibited by the second The N highest valence bands in N L-InSe are "sombrero-shaped" 39 . The highest valence band can be fitted around the Γ-point with an 8th order polynomial function as follows:
where the E 6 coefficient describes the hexagonal anisotropy. The fitted parameters are summarized in Table V . Note that the valence band takes the shape of an inverted sombrero which has been demonstrated to lead to a Lifshitz transition upon hole doping in the monolayer 39 . The sombrero shape and the associated Lifshitz transition persists with increasing N but slowly vanishes as we approach the bulk limit. Accordingly, the critical carrier density required to achieve the transition decreases with increasing N , as shown in Table V .
The last two terms in Eq. (30) describe the spin-orbit splitting similar to Eq. (29) . The magnitude of γ v according to a fit to the spin-orbit splitting in 1L-InSe for wave vectors less than 0.06 1/Å is γ v = 3.11(5) eVÅ 3 . Note that the polynomial fit is valid in a 4-5 times larger range than the fit for the spin-orbit splitting.
The bands v 1 and v 2 are double degenerate at the Γ-point and can each be described by a two-component k·p model as described by the Hamiltonian
where σ x(y) are the Pauli matrices. This Hamiltonian transforms according to the E irrep. of the symmetry group C 3v (see Fig. 2 ). Eq. (31) can be fitted to the DFT band structure to obtain the effective masses. In the band v 1 we obtain m = 0.31 and m = 0.45, and in the band v 2 we obtain m = 0.30 and m = 0.45 in units of m e .
In Fig. 7a we show the energies of the A and B optical transitions at the Γ-point (energies |E v | and E v1 , respectively), where we apply the low-temperature scissor correction to the transition energies as discussed in Section III B. On the right hand side we show the same data with T = 300K scissor corrections for reference to room temperature measurements. The scissor corrected transition energies are summarized in the caption of Fig.  7 .
To describe the coupling of the principal interband transition, A, between the conduction (c) and valence (v) bands to an in-plane vector potential A carried by an incoming photon, A · P, we rely on the following formula for the interband momentum operator P 51 :
where the sum over o, o runs over the orbitals in the model, C c(v)k (o) is the coefficient of the eigenfunction of the conduction(valence) band, orbital o, at k, H o,o = o| H |o , and m e is the free electron mass. We can therefore calculate the interband momentum matrix element using the above TB parameterization, with the matrix elements of the Hamiltonian and the eigenfunctions of the valence and conduction bands obtained directly from the TB model. The TB matrix elements, seen in Fig. 7b , are linear at small k and the slope of this linear regime increases with an increasing number of layers. The latter observation is in line with the result that the momentum matrix element in the monolayer is zero. The finding that the matrix element is linear near the Γ-point allows the introduction of the dimensionless parameter α through the relation P cv αk which is taken into account in Eq. (28) . For coupling to the electric field associated with outof-plane polarized light, we can also calculate the out-ofplane dipole matrix element d z = e c| z |v between the valence and the conduction band. Since the crystal is finite in the z direction we calculate the dipole matrix element directly as (33) where the sum over o is over all orbitals in the unit cell, C c(v)k (o) is the coefficient of the conduction (valence) band eigenfunction for orbital o at k, and z(o) is the zcoordinate, w.r.t. the mean plane of the crystal, of the atom on which orbital o sits.
The optical absorption coefficient for band edge absorption can be calculated from d z using Fermi's golden 
300K
A/B obtained using scissor correction at low and room temperature, the conduction band effective mass (mc in units of the free electron mass), the parameters α and β for the A-and B-transitions, and the values of dz, for N = 1, 2, 3. rule. A perturbation of E z d z where E z is the electric field of the incoming photon, the rate of energy absorption in a material of dipole moment d z is
where ω is the photon energy, g S = 2, and ε c (p) and ε v (p) are the band edge dispersions in the conduction and the valence band, respectively, as determined by k·p theory. The absorption coefficient g(θ) as a function of the angle θ between the incoming photon and the surface can be calculated simply by dividing ∆W by the absorbed energy, which is the flux of the Poynting vector over the visible area of the unit cell,
where A is the unit cell area. Evaluating this expression yields for the absorption at Γ
where m c is the conduction band effective mass. For coupling of the transition between bands c and v 1 , B, with in-plane polarized light, A · P, we evaluate P as
from which we find how the transition B absorbs in-plane polarized light, at Γ,
where β = |P cv(1) | has finite values at Γ, listed in the caption to Fig. 7 for N = 1, 2, 3 . In Fig. 7d we show the dependence of g A (θ = π/4) and g B on the number of layers N ; while g A exhibits a strong dependence on N , g B is almost constant.
VII. CONCLUSIONS
We have developed a TB model to describe monolayer and few-layer indium selenide which takes into account all s and p orbitals of constituent atoms. We have used first principles density functional theory to parametrize the model. We have found that:
• inclusion of s and p orbitals and hoppings to second-nearest-neighbors is sufficient to describe the energies of the bands near the band edge,
• the interband optical matrix element obtained from our model exhibits a linear k-dependence in agreement with DFT calculations, and
• the matrix element vanishes in the monolayer due to symmetry.
We used the model to find the optical absorption coefficient in few-layer InSe: of the two principal optical transitions the absorption coefficient of the lower energy transition (A line), corresponding to band edge absorption between the conduction and the valence band, slowly increases with the number of layers, while the absorption for the higher energy transition (B line) saturates quickly to ≈ 10 %.
Also, we find that the conduction band electrons are relatively light (m ∝ 0.14 − 0.18m e ), in contrast to an almost flat dispersion of valence band holes near the Γ-point, which is found for up to N ∝ 6. The latter property of the valence band suggests that this material may experience a phase transition due to many-body effects into either a ferromagnetic state as suggested for the similar material GaSe 52 , or into a Peierls-type charge density wave due to a strong electron-phonon coupling 53 .
The other members of the family of hexagonal III-VI semiconductors, such as GaSe 54 , have a similar crystal structure in the monolayer, and the TB model in section III could be extended to cover these materials. However, few-layer GaSe has a different consecutive layer arrangement, hence this will be covered in a future work 55 .
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Appendix A: Monolayer Hamiltonian matrix elements
Mirror plane symmetry
In a basis containing all s and p valence orbitals the Hamiltonian will be a 16 × 16 matrix. We can reduce the system to two 8 × 8 matrices by making use of the M 1 symmetry of the crystal structure, which will require that the wavefunction be even or odd w.r.t. exchange of the two sublayers. We therefore construct a new basis from even and odd combinations of our orbitals:
where α = x, y and p z orbitals have an extra (−) sign on the bottom sublayer contribution as the direction of p z is reversed under M 1 . A matrix constructed in the above basis will be block-diagonal, as mixing between even and odd states would break M 1 symmetry.
Representation
To calculate our Hamiltonian we express it in a k-space basis, constructing a matrix with elements H ab = a k Hb † k where a
k are the annihilation (creation) operators for the orbitals in our basis at wave vector k in the Brillouin zone. The operators a ( †) k can be expressed with the real space annihilation (creation) operators a
where R i is the position of the real space orbital a i , and N latt is the number of lattice sites.
Relying on the symmetry adapted basis, we represent our Hamiltonian as two 8 × 8 matrices in the k-space basis with elements of the form:
Now substituting in the original forms of the even and odd basis, we get for two orbitals where neither are p z
As the system and the Hamiltonian are even under M 1 we can observe that
and hence
In the case where orbital a is p z we have
We therefore need only consider H 0 , H 11 and H 12 in the calculation of our Hamiltonian matrix. We can then diagonalize the even and odd parts of the Hamiltonian separately, obtaining a set of 8 bands for each. The matrices have the form
The elements are calculated as set out above. For the calculation of the Bloch phase factors we can reduce the hopping vectors to three sets, as the Brillouin zone is two-dimensional. These are for M-X hoppings
and for M-M and X-X hoppings between ions in the same sublayer (k · x = 0 for M-M hopping between the two sublayers, where the ions are directly above each other) there are six such vectors r 4,7 = ±a 1 , r 5,8 = ±a 2 , r 6,9 = ±(a 1 + a 2 ).
For next-nearest M-X pairs (T (3) ) we have
The k-dependence then appears in the model through combinations of the Bloch phase factors calculated using these vectors
The symbols L 1 and L 2 are the magnitudes of the hopping vectors for M-X intra-and inter-sublayer hoppings, respectively, and are given by
The matrix elements are:
where the length of the hop L M is given by
For greater numbers of layers we build up the matrix such that H 1L is on the diagonal blocks, with adjacent diagonal blocks connected by H c and H † c .
Appendix C: Comparison between scissor corrected TB, uncorrected TB, and DFT optical matrix elements
For comparison, we also obtain the matrix elements from density functional theory and from a TB model without scissor-correction. In a DFT calculation utilizing a plane-wave basis, the momentum matrix element is straightforward to calculate as
where C c,j , C v(v1),j and G j are the plane-wave coefficients and the reciprocal lattice vectors taken into account in the plane-wave basis set, respectively. d z is calculated in DFT by real space integration on a sufficiently fine grid. The intralayer TB parameters for the uncorrected model are given in Table I in the main text, while the interlayer parameters are given in Table VI .
In the main text we apply a scissor correction to the DFT band structure in order to account for the underestimation of the band gap. It should be noted that the scissor correction is necessary for another reason as well. The TB model, when fitted to DFT band structures without scissor correction, agrees well with the DFT results for d z at small N (see Fig. 10a ). However, the extrapolation to large N is considerably larger, and the saturation much slower, than that for the TB model calculated with scissor correction. Likewise, the coefficient of the linear regime (Fig. 9) is also larger if the scissor correction is omitted. In essence, uncorrected DFT overestimates d z matrix elements, whereas the scissor correction leads to a significant reduction in d z , and in turn a reduced absorption.
The origin of the reduction in d z when applying the scissor correction lies in the effect the scissor correction has on the TB wave functions for N > 1. Fig. 11a shows the modulus square of the chalcogen p z TB wave function coefficients as a function of the sublayer index in 19-layer InSe. The wave function reduces towards the edge of the slab but a clear finite value remains at the very edge, due to a substantial oscillation in the coefficients, which gives a substantial contribution to d z . Fig. 11b shows the same wave function coefficients after scissor correction. Note that the relative weight of the coefficient at the edge has now decreased, as has the aforementioned oscillation, which leads to an overall smaller d z and a faster saturation with increasing N .
The physics behind the reduction of the wave function at the edge is the relative reduction of the inter-layer interaction as compared to the intra-layer interaction, which is a direct consequence of the scissor correction. By increasing the gap without changing the band width caused by inter-layer hopping, the intra-layer hopping becomes stronger while the inter-layer hopping remains at the same magnitude. This can be understood within a chain model, which we discuss below. The core message here is that the scissor correction has an effect on the wave functions and in turn on the optical properties of InSe slabs, and should be taken into account when modeling few-layer InSe. 
The Hamiltonian of a few-layer structure is
where (n) is the layer index, and the inter-layer interaction is described by the hop t . As an example, the matrix form of a bilayer can be written as 
which has the following eigenvalues: 
In this chain model, the ratio t /t characterizes the strength of the inter-layer interaction with respect to the intra-layer coupling. Let us now assume that we can describe few-layer InSe with such a model, with some values for the two hopping parameters obtained from DFT calculations. When we implement a scissor correction, we leave the inter-layer hop t unchanged while we increase the magnitude of t since, in the monolayer, the band gap from this model is simply 2t. Hence, a scissor correction translates to a decrease in the ratio t /t.
This finding allows us to demonstrate the qualitative effect of the scissor correction. Fig. 12 shows the modulus square of the coefficients C v/c of the chain model wave functions in the valence and conduction band. Panel a) corresponds to t /t = 0.8, while panel b) to t /t = 0.4. The visible reduction of the wave function along the edges upon decreasing t /t is in agreement with the effects of the scissor correction on the full model (see Fig. 11 ). Similarly, if we now plot the d z matrix element from the chain model (Fig. 13) we find that the matrix element undergoes significant reduction when we decrease t /t, just like it happened in the full model when we implemented the scissor correction there (see Fig. 10a ). 
